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Coordinating Locomotion and
Manipulation of a Mobile Manipulator
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Fig. 9. Integral squared error J T ( E ~ ) .

A b s t r a c t 4 mobile manipulator in this study is a manipulator mounted
on a mobile platform. Assuming the end point of the manipulator is
guided, e.g., by a human operator to follow an arbitrary trajectory,
it is desirable that the mobile platform is able to move as to position
the manipulator in certain preferred conligurations. Since the motion
of the manipulator is unknown a priori, the platform has to use the
measured joint position information of the manipulator for its own motion
planning. This paper presents a control algorithm for the platform so
that the manipulator is always positioned at the preferred configurations
measured by its manipulability. Simulation results are presented to
illustrate the efficacy of the algorithm. The algorithm is also implemented
and verified on a real mobile manipulator system. The use of the resulting
algorithm in a number of applications is also discussed.

I. INTRODUCTION
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When a person writes across a board, he positions his arm in
a comfortable writing configuration by moving his body rather
than reaching out his arm. Also, when people transport a large
and/or heavy object cooperatively, they prefer certain configurations
depending on various factors, e.g., the shape and the weight of the
object, the transportation velocity, the number of people involved in
a task, and so on. Therefore, when a mobile manipulator performs
a manipulation task, it is desirable to bring the manipulator into
certain preferred configurations by appropriately planning the motion
of the mobile platform. If the trajectory of the manipulator end point
in a fixed coordinate system (world coordinate system) is known
a priori, then the motion of the mobile platform can be planned
accordingly. If the motion of the manipulator end point is unknown a
priori,e.g., driven by a visual Sensor or guided by a human operator,
the path planning has to be made locally and in real time rather
than globally and off line. This paper presents a control algorithm
for the platform in the latter case, which takes the measured joint
displacement of the manipulator as the input for motion planning
and controls the platform to bring the manipulator into a preferred
operating region. While this region can be selected based on any
meaningful criterion, the manipulability measure [ 11 is utilized in
this study. By using this algorithm, the mobile platform will be
able to “understand the intention of its manipulator and respond
accordingly.” Since the mobile platform is subject to nonholonomic
constraints, the control algorithm is developed using nonholonomic
system theory.
This control algorithm has a number of immediate applications.
First, a human operator can easily move around the mobile manipulator by “dragging” the end point of the manipulator while the
manipulator is in the free mode (compensating the gravity only).
Second, if the manipulator is force-controlled, the mobile manipulator
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Schematic of the mobile manipulator.

much less is known about the dynamic control of mobile robots with
nonholonomic constraints and the developments in this area are very
recent [20]-[22].
In this paper, we first derive the constraint and motion equations
of the mobile platform. We then present a feedback control algorithm
developed for the mobile platform for coordinating locomotion and
manipulation of the mobile manipulator. Finally we present the
simulation and experimental results.

11. MODELINGOF
will be able to push against and follow an external moving surface.
Third, when two mobile manipulators transport a large object with
one being the master and the other being the slave, this algorithm
can be used to control the slave mobile manipulator to support the
object and follow the motion of the master, resulting in a cooperative
control algorithm for two mobile manipulators.
Although there has been a vast amount of research effort on mobile
platforms (commonly referred to as mobile robots) in the literature,
studies on mobile manipulators are very limited. Joshi and Desrochers
[2] considered a two-link manipulator on a moving platform subject
to random disturbances in its orientation. Wien [3] studied dynamic
coupling between a planar vehicle and a one-link manipulator on
the vehicle. Liu and Lewis [4] proposed a decentralized robust
controller for a wheeled mobile manipulator which considered the
base and the manipulator as two separate subsystems. Dubowsky,
Gu, and Deck [5] derived the dynamic equations of a spatial mobile
manipulator with link flexibility. Recently, Hootsmans [6] proposed
a mobile manipulator control algorithm (the Mobile Manipulator
Jacobian Transpose Algorithm) for a dynamically coupled mobile
manipulator. He showed that with the algorithm, the manipulator
could successfully compensate the trajectory error caused by vehicle's
passive suspension with the help of limited sensory information from
mobile vehicle.
What makes the coordination problem of locomotion and manipulation a difficult one is twofold. First, a manipulator and a mobile
platform, in general, have different dynamic characteristics, namely,
a mobile platform has a slower dynamic response than a manipulator.
Second, a wheeled mobile platform is subject to nonholonomic
constraints while a manipulator is usually unconstrained. These
two issues must be taken into consideration in developing control
algorithms.
Dynamic modeling of mechanical systems with nonholonomic
constraints is richly documented by work ranging from Neimark and
Fufaev's comprehensive book [7] to more recent developments (see
for example, [8]). The literature on control properties of such systems,
however, is sparse [9], [lo]. The interest in control of nonholonomic
systems has been stimulated by the recent research in robotics. The
dynamics of a wheeled mobile robot is nonholonomic [ 111 and so is
a multi-arm system manipulating an object through the whole arm
manipulation [ 121.
Bloch and McClamroch [9] first demonstrated that a nonholonomic
system cannot be feedback stabilized to a single equilibrium point
by a smooth feedback. In a follow-up paper [13], they showed
that the system is small-time locally controllable. Campion et al.
[14] showed that the system is controllable regardless of the structure of nonholonomic constraints provided that the constraints are
independent and there is at least one control for each degree of
freedom (DOF) of unconstrained motion. Yamamoto and Yun [15]
proved that a nonholonomic system is not input-state linearizable.
Because of these negative results on feedback stabilization and
linearization, the control problem of nonholonomic systems is more
difficult. Motion planning of mobile robots has been an active topic
in robotics in the past several years [ l l l , [16]-[19]. Nevertheless,

THE

MOBILEPLATFORM

A. Constraint Equations
In this subsection, we derive the constraint equations for a
LABMATE@' mobile platform. The platform has two driving
wheels (the center ones) and four passive supporting wheels (the
comer ones). The two driving wheels are independently driven by
two dc motors. The following notations will be used in the derivation
of the constraint equations and dynamic equations (see Fig. 1).

Po: the intersection of the axis of symmetry with the driving
wheel axis;
P, : the center of mass of the platform;
Pb : the location of the manipulator on the platform;
P,: the reference point to be followed by the mobile platform;
d:
the distance from Po to Pc;
b:
the distance between the driving wheels and the axis of
symmetry;
T:
the radius of each driving wheel;
m,: the mass of the platform without the driving wheels and the
rotors of the dc motors;
m, the mass of each driving wheel plus the rotor of its motor;
I , : the moment of inertia of the platform without the driving
wheels and the rotors of the motors about a vertical axis
through Po;
I, : the moment of inertia of each wheel and the motor rotor
about the wheel axis;
I , : the moment of inertia of each wheel and the motor rotor
about the wheel diameter.

There are three constraints. The first one is that the platform must
move in the direction of the axis of symmetry, i.e.,
y,cos~-i,sinqb-d$=O

(1)

where (zc, yc) are the coordinates of the center of mass P, in the
world coordinate system, and q5 is the heading angle of the platform
measured from the X axis of the world coordinates. The other two
constraints are the rolling constraints, i.e., the driving wheels do not
slip,

k , cos q5

+ yc sin q5 + b$ = I-&

iccos q5 + yc sin q5 - b$ = TO,

(2)
(3)

where 8, and 81 are the angular displacement of the right and left
wheels, respectively.
Letting q = (z,, yc, q5, Or, e l ) , the three constraints can be written
in the form of
(4)

' LABMATE@ is a trademark of Transitions Research Corporation.
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where
-sin4
-cos4
-cos4

-d 0 0
-b
T
01.
b 0 T

cos4
-sin4
-sin4

(5)

It can be shown that among the three constraints, two of them are
nonholonomic and the other one is holonomic [15]. In principle, one
can always eliminate variables using holonomic constraints when
deriving dynamic equations. Nevertheless, the elimination may be
cumbersome in practice. To show the generality of the control method
which is able to incorporate both holonomic and nonholonomic
constraints, we treat both kinds of constraints in the same way; that
is, we do not eliminate variables by using holonomic constraints.

B. Dynamic Equations
We now derive the dynamic equations for the mobile platform.
The Lagrange equations of motion of the platform with the Lagrange
multipliers XI, XZ, and A 3 are given by
m x c - m,d($sin4+$2cosq5)
- XI sin 4

mi,

+ m,d($cosq5 - i2
sin$)
+ XI

-m,d(Z,

- (A,

cos4 - ( A 2

sin4 - yc cosq5) +I$- dX1

+ X3) cos
+ A,)

+ b(X3 - XZ) = 0

+ Xzr =
I,f?l +
= 71

I,&

where the constant c = ( ~ / 2 b ) .From the constraint equation (4), q
is in the null space of A ( q ) .Because the two columns of S ( q ) are in
the null space of A ( q ) and are linearly independent, it is possible to
express q as a linear combination of the two columns of S(q), that is,
q = S(q)v.

Y

(9)

[;I [; I.
=

+

ST(MS8(t) MSV(t)
Using
[z, yc

the

. state-space

vector

+ V ) = 7.
=

z

[qT vTIT

(13)

=

4 8,. 81 Br 811~.we will be able to represent the

constraint and motion equations of the mobile platform in state
space.

=

I:;[

+

[(STM
0 S)-']T

where fz = ( S T M S ) - l ( - S T M S ~- S T V ) . This state equation
can be further simplified to

i=

[Y]+ [;I.

by applying the following nonlinear feedback

(10)

XQT

=

Differentiating equation (12), substituting the expression for q into
(1 l), and premultiplying it by ST,we have

(8)

7,.

(12)

The rationale behind (12) is to introduce a set of independent velocity
variables, v. Owing to the choice of S(q) matrix, we have

= 0 (6)

sin4 = 0 (7)
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=S ~ M S (u fz).

(16)

where

+ 2m,
I = I, + 2m,(d2 + bZ)+ 2I,

m = m,

In. CONTROLALGORITHM

and 7,.and 71are the torques acting on the wheel axis generated by
the right and left motors, respectively. These five equations of motion
can be written in the vector form as

+

M(q)i V ( q ,4) = E(4.17- AT(q)X.

(11)

In the equation above, the matrix A(q) has been defined in (3,and
the matrices M ( q ) , V ( q ,q ) . and E ( q ) are given by
m
0
-m,dsinqb
0
0
0
m=dcos4
I
-m,dsind
m,dcos+
0
0
0
I,
0
0
0
0
0 I,

1

Next, we will represent the motion equation (1 1) and the constraint
equation (4) in state space by properly choosing a state vector.
To do so, we define a 5 x 2-dimensional matrix S(q) such that
A ( q ) S ( q ) = 0. It is straightforward to verify that the following
matrix has the required property
S(q) =

131 ( q ) ,

sz(d1

c(bcos4- d s i n d )
c(b sin 4 d cos 4)

=I

+

c(bcos4+dsind)
c(b sin 4 - d cos 4)

A. Output Equation
While the state equation of a dynamic system is uniquely, modulo
its representation, determined by its dynamic characteristics, the
output equation is chosen in such a way that the tasks to be performed
by the dynamic system can be conveniently specified and that the
controller design can be easily accomplished. For example, if a sixDOF robot manipulator is to perform pick-and-place or trajectory
tracking tasks, the six-dimensional joint position vector or the sixdimensional Cartesian position and orientation vector is normally
chosen as the output equation. In this subsection, we present the
output equation for the mobile platform and discuss its properties.
It is convenient to define a platform coordinate frame X , - Y, at
the center of mass of the mobile platform, with X, in the forward
direction of the platform. We may choose a point P,. with respect
to the platform coordinate frame X , - Y, as a reference point. The
mobile platform is to be controlled so that the reference point follows
a desired trajectory. Let the reference point be denoted by (z:, y:)
in the platform frame X, - Y,. Then the world coordinates (z,.,y,.)
of the reference point are given by

zr= x , + x : c o s d - y , " s i n d

y,. = yc

+ zz sin 4 + y:

cos 4.

(17)
(18)

The selection of the reference point for the purpose of coordinating
locomotion and manipulation is discussed in the following subsection.
Having chosen the reference point, z: and y: are constant. By taking
the coordinates of the reference point to be the output equation

-C

1
0

0
1

Y = h(q) = [zr yrlT
we have a trajectory tracking problem studied in [20], [21].

(19)
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Fig. 2. Two desired trajectories for the simulation.

B. Feedback Control
Since the state equation (15) is not input-state linearizable [15], we
will pursue input-output linearization with the output equation (19).
The necessary and sufficient condition for input-output linearization
is that the decoupling matrix has full rank [23]. The decoupling matrix
for this output is

2.

,+

-3

X

Fig. 3. Trajectory of the point Po for Case i).

where

@Zz

trajectory of the manipulator end point as the desired trajectory
of the reference point (output equation), the reference point tracks
the motion of the end point resulted from the human operator's
drag. Consequently, the manipulator is maintained at the preferred
configuration. We note that the actual trajectory of the end point
is computed from the joint encoder measurements by using the
manipulator direct kinematics.

= c((b+y,")sind- (d+x",cos4).

Since the determinant of the decoupling matrix is det ( @ ( q ) ) =
- ( r 2 ( d 2 : ) / 2 b ) , it is singular if and only if r$ = -d, that is, the
point P, is located on the wheel axis. Therefore, trajectory tracking
of a point on the wheel axis including Po is not possible as pointed
out in [21]. This is clearly due to the presence of nonholonomic
constraints. A point on the wheel axis instantaneously has only one
degree of freedom whereas any other point instantaneously has two
degrees of freedom. Choosing z$ not equal to -d, we may decouple
and linearize the system.
The nonlinear feedback for achieving input-output linearization is
given by [23]

+

U

= @.-'(Q)(V

- &(q)v).

(21)

The linearized and decoupled subsystems are
= U1

(22)

ijz = VZ.

(23)

ijl

A linear feedback is further designed for each subsystem to obtain
the specified performance requirements. As described in the next
subsection, the end point of the manipulator when it is at the preferred
configuration is set as the reference point. By choosing the actual

C. Preferred Manipulator Configuration
While the human operator drags the end point of the manipulator,
the mobile platform is controlled to bring the manipulator into a
preferred configuration. Here we describe the preferred configuration
chosen in this study. For simplicity, a two-link planar manipulator
is considered in this discussion. Let 01 and 82 be the joint angles
and L1 and LZ be the link length of the manipulator. Also let the
coordinates of the manipulator base with respect to the platform frame
X , -Y, be denoted by (z:, y i ) . We set the reference point to the end
point of the manipulator at a preferred configuration. We choose as
the preferred configuration the one that maximizes the manipulability
measure of the manipulator. If we specify the position of the end
point as the desired trajectory for the reference point, the mobile
platform will move in such a way that the manipulator is brought
into the preferred configuration.
The manipulability measure can be regarded as a distance measure
of the manipulator configuration from singular ones at which the
manipulability measure becomes zero. At or near a singular configuration, the end point of the manipulator may not easily move in certain
directions. The effort of maximizing the manipulability measure leads
to keeping the manipulator configuration away from singularity. This
notion is very important especially when a mobile manipulator is
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Fig. 7. Mobile manipulator used in three experiments.

the preferred configuration, denoting them by 81, and 82,. Then the
coordinates of the reference point with respect to the platform frame
X , - Y, is given by
0.00

5.00

15.00

10.00

Z
:

Fig. 5. Velocity of the point Po for Case i).

required to respond to motions whose range is unknown a priori.
The manipulability measure is defined as [ 13
w = ddet(J(8)JT(8))

(24)

where 8 and J ( 8 ) denote the joint vector and Jacobian matrix of the
manipulator. If we consider nonredundant manipulators, (24) reduces
to
w = IdetJ(8)I.

(25)

For the two-link manipulator shown in Fig. 1, the manipulability
measure w is

w

=I

detJ

I=

LlLz

I sin82 I .

(26)

Note that the manipulability measure is maximized for 8 2 = f9O"
and arbitrary 81. We choose 8 2 = +90" and O1 = -45" to be

=

Y: = ybc

+ L1

COS6'ir

+ L2 COS (8ir +

+ Li sin81, + L a sin(&, +

82,)

&r).

(27)
(28)

We emphasize that x $ and yz are constant and will be used in
the representation of the output equation (19). The manipulator
is regarded as a passive device whose dynamics are neglected. It
is assumed that a human operator drags the end effector of the
manipulator. The position of the end effector is given as the desired
trajectory for the reference point P,. The manipulator will be kept in
the preferred configuration provided that the reference point is able to
follow the desired trajectory. Any tracking error of the reference point
will leave the manipulator out of the preferred configuration, resulting
in a drop of manipulability measure. To account for measurement and
communication delay in the simulation, a fixed number of sampling
periods later, the current position of the end effector is made available
to the mobile platform. Five sampling periods of delay are introduced
in the simulation described below.

133 1

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 39, NO. 6, JUNE 1994

Y

Ij

Velodly (cmlscr)
40.00

35.m
30.03

25.m

m.m
i5.m
1o.w
5.02

0.00

-5.M
-10.00

-15.m

1

0.00

1.m

2.00

3.w

4.M)

5.m

7inr (scC.)

Fig. 9. Velocity of the point Po of LABMATEB.

-2

M.oipuhbluq

Fig. 8. Trajectory of the Po and the motion of platform.

IM
Is0
1A0

IV. SIMULATION

1 3

1.m
The mobile platform is initially directed toward positive X axis
1.10
at rest and the initial configuration of the manipulator is 81 = -45"
Im
and 132 = 90". Two different paths used for the simulation are shown
0.90
in Fig. 2. The velocity along the paths is constant.
Os0
1) Case i) Straight line perpendicular to the X axis or the initial
0.70
forward direction of the mobile platform,
OM
2) Case ii) Forward slanting line 45 degrees from X axis.
Os0
The sampling period is 0.01 sec. The linear state feedback gains for
0.40
the two subsystems (22) and (23) are chosen so that the overall system
OM
has a natural frequency w, = 2.0 and a damping ratio C = 1.2.
0.m
The higher damping ratio is to simulate the slow response of the
mobile platform. For each simulation, we plot the trajectory of Po,
the trajectory of the reference point P,,the manipulability measure,
r i (re.)
and the velocity of the Po.
0.w
1.m
2.w
3.w
4.w
5.m
1) Fig. 3 shows the trajectory of point Po,in which a box2 Fig. 10. Manipulability measure.
represents the mobile platform. Note that the desired trajectory is given for the reference point P,..Po has no desired
trajectory. We also note that the actual trajectory obtained for
trajectory, the desired velocity, and the location of the reference
the reference point coincides with the given desired trajectory.
point.
The manipulability measure, and the velocity of point Po are
The actual trajectory of the point Po for the slanting trajectory
shown in Figs. 4 and 5, respectively. Fig. 4 shows a little
is shown in Fig. 6. We omit the results for manipulability
degradation of manipulability measure corresponding to the
measure and the velocity of the point Podue to their similarity
early maneuver by the mobile platform. The negative value in
to the Case i). The manipulability measure is kept near the
Fig. 5 indicates that the mobile platform moved backward for a
optimal value with a small degradation in the beginning. A
short period of time at the very beginning to achieve the needed
minor difference from the Case i) in terms of the velocity
heading angle. Note that the motion of the platform, or more
of Po is that there is no backward motion observed in this
precisely the trajectory of point Po,is not planned. Therefore,
case.
the exhibited backward motion is not explicitly planned and
is a consequence of the control algorithm. The presence of
such backward motion depends on the direction of a desired
V. EXPERIMENT

'These boxes are not equally distributed in time.

The algorithm described above is implemented on an experimental mobile manipulator system. The system consists of a PUMA
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250 6-DOF manipulator and a LABMA’lT@ platform (Fig. 7). For
simplicity only the first three joints of the manipulator are taken
into account, i.e., no wrist joints are considered. The sampling
rates of the PUMA 250 and the LABMATE@ are 250 and 16
Hz, respectively. In the experiment, the end effector of the mobile
manipulator which is at rest and in an optimal configuration in
the beginning is dragged by a human operator. For comparison, it
is dragged along the direction ap roximately normal to the initial
heading direction of LABMATE , which corresponds to the first
trajectory in the simulations. Fig. 8 shows the trajectory of the point
on the LABMATE@ wheel axis ( P o ) .The trajectory indicates that
the platform initially goes backward and then starts moving forward.
This observation agrees with the simulation result. Fig. 9 depicts
the velocity of the center of mass of the LMMATE@, which
also indicates the presence of the initial backup. Note that dragging
ceases at about six seconds. Manipulability measure is shown in
Fig. 10. The manipulability drops slightly in the beginning and is
maintained at the same level while the platform is in motion. It then
comes back to a nearly optimal configuration after dragging ceases.
The fact that the manipulability measure is kept near the maximum
value implies that the reference point Po closely follows the desired
trajectory.

d

VI. CONCLUDING
REMARKS

We presented a control algorithm for coordinating motion of a
mobile manipulator. The design criterion was to control the mobile
platform so that the manipulator is maintained at a configuration
which maximizes the manipulability measure. The control algorithm
is designed by using feedback linearization. Since the mobile platform
is subject to nonholonomic constraints, the dynamic system goveming
the motion of the mobile platform is not input-state linearizable.
Thus a nonlinear feedback is deployed to achieve input-output
linearization. The output equations are chosen to be the coordinates of
the end point of the manipulator when it is at the configuration with
the maximum manipulability measure. The actual motion trajectory
of the end point is used as the reference trajectory for the outputs
of the mobile platform. We verified the effectiveness of our method
by simulations on two representative trajectories. The algorithm was
implemented with an actual mobile manipulator and the experimental
results are consistent with those predicted by simulation. For future
work, we will investigate the integration of the proposed method and
force control. A path planning approach will be explored such that
the maneuverability of mobile platform is taken into consideration
as well.
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